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Introduction

HE problem of the control of distributed parameter
systems can be roughly divided into two approaches:
1) discretize the system in space and then use finite dimen-
- sional control theory; and 2) deal with the distributed model
directly without discretizing. Recently, Meirovitch and

Baruh! proposed a scheme for the optimal control of a certain .

class of conservative distributed parameter systems without
resorting to discretization. In particular, they treated the
control of self-adjoint conservative systems having known
eigensolutions. It is the intent of this Note to point out that
their results are applicable to a more general class of problems
that includes -nonconservative forces and to note that the
necessary conditions are available for the existence of
decoupling control laws. Decoupling control laws are defined
to be those control laws dependent only on the modal state
vector of the decoupled equation. This yields an infinite set of
independent equations including the feedback control.

The use of decoupled controls allows the distributed
parameter control problem to be solved by the independent
modal-space control method.! This method allows each mode
to be designed independently of other modes. As a result, the
standard control problems involving optimal control and the
regulator problem can be solved without difficulty. This
method of control is not discussed in detail here, but is
mentioned to supply motivation and application for the
results that follow.

Class of Systems Considered

The class of flexible structures under consideration are
those that may be successfully modeled by partial differential
equations of the form

U (6,1) +Lu, (x,0) + Lou(x,t) =f(x,f) onQ (1)

subject to boundary conditions of the form Bu(x,#) =0 on 90
and the usual initial conditions. Here, u(x,f) represents the
displacement of the point x in the bounded open region Q in
R", n=1,2,3, at time #>0. The region Q is bounded by the
boundary 4Q and the operator B is a linear spatial differential
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operator expressing the usual boundary conditions. The
subscript ¢ indicates partial differentiation with respect to
time and L, and L, are linear partial differential operators in
spatial coordinates. In order to insure the existence of a series
converging to the solution of Eq. (1), several assumptions on
the time invariant operators L; and L, must be made. For-
tunately these assumptions are not too harsh and Eq. (1),
along with the various assumptions on the operators L; and
L,, adequately describes the linear vibration of strings,
beams, membranes, plates, etc.

Let L,(Q) denote the Hilbert space of all real-valued
squared integrable functions on the domain € in the Lebesgue
sense with the usual inner product and norm defined by

(u,v) = Sa u(x)v(x)dQ
and
lee(x) N =Cu,u)®

respectively. Let L; and L, be time-invariant partial dif-
ferential operators of order n; and #n,, respectively. Let D(L)
be the set of all functions #(x,¢) such that Bu=0 on 92 and
u(x,t) and all of its derivatives up to the order K=max
(n;,ny) are in L, (©). The assumptions required for #(x,?) to
be expressed in terms of a convergent series in orthonormal
eigenfunctions may now be concisely stated as follows.2 If L,

~and L, are self-adjoint on D(L) suchthat L,L,=L,L, for all

functions in D(L) and if each operator has a compact
resolvent,? then the solution of Eq. (1) may be written as the
uniformly convergent series

u(t) = Y, a, ()¢, (x) )
n=1

where the set {9, (x) };-; are the orthonormal eigenfunctions
(£, Dm Y =0,,n, the Kronecker delta) of the operator L, that
are identical to the eigenfunctions of L;.* The temporal
functions a,(¢#) are assumed to be at least twice dif-
ferentiable.

The restriction of requiring the coefficient operators to
have compact resolvents will be satisfied if the stiffness
operator (L,) of the vibration problem of interest has an
inverse defined by a Green’s function. The requirement that
the operators L; and L, commute is tantamount to restricting
the class of problems considered to the class that can be solved
by separation of variables.

The independent modal control method focuses on con-
trolling the temporal functions a, (¢). The work presented
here concerns itself with the nature of the function f(x,¢) in
Eq. (1) considered as a distributed control and how to choose
f(x,t) in such a way as to allow the method of independent
modal space control to be used.

Previous Theory

In Ref. 1, systems given by Eq. (1) with L, =0 are discussed
and an optimal control method is developed for proportional
control. This method is based on substitution of Eq. (2) into
Eq. (1), multiplying by ¢, (x) and integrating over the
domain Q. This yields an infinite number of decoupled
second-order ordinary differential equations of motion given
by

&"(t)‘i‘)\f,d,,(t) =fn(t) (3a)
where A2 are the eigenvalues of L, associated with the

eigenfunctions ¢, (x) and f, () is a generalized control force
given by

fu={_ oa (s (x 000 (3b)
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Systems. leading to independent eqnations sueh‘as (3) are said
to be internally decoupled and form the basis for the work of

Ref. 1. In addition, if f,(¢) depends only on the ath mode

a, (t) then Egs. (3) are said to be externally decoupled. In
general Jf.(t) may depend on all of the coefficients a, (¢),
=1,2;3,..., due to feedback controls. However, in the event
that Egs. (3) are both internally and exte_rnally decoupled, a
control system can be desigried quite easily by the method of
independent - modal-space control. This process eliminates
spillover when distributed controls are used and alloWws some
rationale for minimum splllover with discrete controls.

Mam Result

The purpose of this Note is to illustrate that the methods of
Ref. 1 apply to a broader class of problems by deriving a
necessary condition for externally decoupled controls and by
pointing out the neécessary and sufficient conditions for a
given nonconservative structure to be internally decoupled.

The necessary and sufficient condition for a given system
with damping (L, #0) to be internally decoupled was given in
Ref. 4 and is simply that L;L,=L,L, on D(L). Under this
assumptlon, substltutlon of Eq. (2 into Eq. (1) YICldS

Gy (1) +MD d, (1) + NP a, () =f, (D), n=L2... (@)
where A{) are the eigenfunctions of the operator L, . Note that
this assumption is satisfied With proportional or Rayleigh
damping.

In Ref. 1, independent modal-space control is illustrated
for the case where the control forces are proportional to the
state or mode to be controlled. Symbolically, it can be stated
that Eq. (1) will be externally decoupled if -

Su(t) =a,a,(2) + 8,4, ()

where o, and 3, are constants. However, it is a fairly simple
matter to extend this and show that Eq. (1) will be both ex-
ternally and internally decoupled if

Sf(xt) =Liu, (x,8) + Lu(xt) &)}

where L; and L, are self-adjoint, spatial differential
operators with compact resolvents on D(L) such that
L,L;=L;L; i,j=1,2,3,4 (6)

for all u(x,¢) in the set D(L). '
To see that this result is true, note that if each L is self-
adjoint with compact resolvent, then each L, has a complete

set of orthonormal eigenfunctions {¢% (x)}Z_, and a dlscrete
spectrum { A%} »=1. Thus

Lok =Neok, n=12,3,... Q)
Operating on this equality with L; yields [¢, isin D(L)]
L (Ao - ®
Since L, and L; commute, this becomes
Ly (L;ok) =N (L;95) ®
Equatlon (9) states that the function L jd),,, which is in D(L),
is an eigenfunction of L, having eigenvalue A% as its eigen-

value. Since the set {¢%} =, is orthonormal, eigenfunctions
belonging to the same eigenvalue must be proportional. Thus

Lok =y,0k 10

forall n and Yn becomes the elgenvalue of L; associated with
the eigenfunction ok (x), i.e. - Ne= Hence, commutmg
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operators have the sarne elgenfunctlons i.e., d)" o, and this
set of eigenfunctions can be denoted simply [ Sl
Another interesting property of commuting operators is

" that linear combinations of these operators result in operators

with the same. properties (self—ad_]omt etc.), which have
eigenvalues that are the same linear combination of the
eigenvalues of each operator. To see this, calculate the

- eigenvalues of aL;+bL;, where a and b are constants. The

elgenvalue problem is
(qL,-+bL,-)¢,,=aL,~¢,,+bL2¢,,= (aN, +bN,) ¢, 1)

for all ¢,,. ,
Next consider substitution of the forcing functlon [Eq. (5)]
into Eq. (1). This yields

Uy (%,8) + Lyu, (%,8) +Lou(x,t) =Ly, (x,1) + Lu(x,t) onQ
which can be rewritten as the homogeneous equation
Uy+ (L, —L3)u,+ (Ly—L,)u=00nQ 12

Assuming a SOlllthl’l of the form of Eq. (2), multiplying by
G (X)), mtegratmg over Q, and using Eq. (11) yields

n=1,23..
13)

Thus, under the assumption of commuting operators, the
control problem is reduced to an infinite number of decoupled
ordlnary differential equations and-Eq. (1) is both internally
and externally decoupled.

&n(t) + ()‘ﬁ_xi)an(t) + ()‘i—)‘z)an(t) =0,

Examples

The longltudmal vibration of a clamped bar with internal
viscous damping immersed in a fluid provides an example ofa
distributed system with a distributed control, if the viscous
damping rate provided by the fluid (denoted by v) is con-
sidered as the proportional control gain. This problem
provides a simple example to indicate the validity of the above
stated results as well as to illustrate their use.

The equation of free vibration is given by

2

- u(xf)=0 onQ=(0,1) (14)

' &

| Uy, (x,t) _2b6x2 u, (x,t)—a—
with boundary eonditions u(x,t) =0 on Q. Here u(x,t) is the
displacement of the bar and the positive constants b and a
reflect the relevant physical parameters. If external damping
is provided as a control, Eq. (13) becomes

u(x,t) =—2vyu,(x,t) onQ

3
Uy, (x,t) 2b ax2 1)

P u, (xt)—

where "—2yu, (x,f) represents the control force and v the
proportional control gain. The operators of Egs. (1) and (5)
are readily identified as:

o

0°
L1=_2bW‘L2=— L3=—2’YI andL,,-O

sz

whete I is the identity operator and each operator is defined
on the domain D(L)={u(x) in L?(0,1) [such that u, and

" Uy are contihuous on (0,1) and «(0)=1(1)=0.]} Each

operator is known to be self-adjoint and to have a Green’s

- function inverse; thus, eéach has a compact resolvent. Fur-

thermore, it can easily be seen that L;L; L L; on D(L) and
that Eq. (13) becomes

G, (£) +2(y—br2a?) 4, (1) +aw2a, () =0  (16)
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where n is a positive integer. Equation (16) agrees with the
results obtained by solving Eq. (15) using separation  of
variables. o

. As a second example, consider the transverse vibration of a
simply supported bar that is given by Eq. (1) with L, =0 and
L,=a(3%/8x*). The domain D (L) becomes the set of all real
functions u(x,#) such that v and its derivatives up through
order four are continuous in L?(0,1) and satisfy the boundary
conditions #(0)=u(1)=u,, (0)=u,,(1)=0. If a control force
of the form

2

0
Sty = —bu,(x,t) + P u(x,1)

is used then L;= —bI and L,=c(0%/0x2). Again, each
operator is self-adjoint and has a compact resolvent. A short
calculation shows that Eq. (6) is satisfied and the parameters b
and ¢ can be chosen as control parameters to shape the
response without using modal truncation.

Conclusion
Necessary conditions for a given nonconservative structure
and feedback control system to be both externally and in-
ternally decoupled have been presented. These conditions
allow the method of independent modal-space control to be
applied to a larger class of structures.
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Introduction

i OMOTOPY and continuation methods have recently
found widespread adoption as approaches for
developing exceptionally robust algorithms for many
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multidimensional problems in nonlinear solid and fluid
mechanics and optimal control.!® To a lesser extent, these
ideas have been applied to nonlinear estimation and system
identification problems; Refs. 9 and 10 are recent examples. It
is important to remark that merely adopting a homotopy or a
continuation approach guarantees neither efficiency nor
robustness of the resulting algorithm. A marginal increase in
the domain of numerical convergence in exchange for a large
decrease in computational efficiency is a dubious justification
for a homotopy or continuation method in comparison to,
say, a Gauss-Newton method.

In the present paper, we demonstrate a recently developed
homotopy algorithm,® and find an order of magnitude in-
crease in the domain of convergence in comparison to the
embedded Gauss-Newton algorithm of Kirszenblat and
Chetrit.!® Since Kirszenblat and Chetrit’s algorithm was
originally shown to be considerably more robust than the
classical Gauss-Newton algorithm, we establish that the-
present Chow-Yorke algorithm is robust, indeed.

The Nonlinear Least Squares Problem

We consider the problem of determining the best estimate
of a parameter vector x= (x;,X;...x, )7 which results in a
given nonlinear function

y=f(1,x) 16))
being a best fit of a given set of measured y-values
{11,}71;12,}72§-~-; tm’j}m} ] ’ m>n (2)

where the m measurement times #; are assumed perfectly
known. Adopting the simple least squares penalty function,
we seek the estimate of x which minimizes

Jx) =Y, [F—f(tx)]12 ©)
j=1 '

The classical Gauss-Newton algorithm!! for obtaining
successive corrections Ax (/) to a sequence of trial vectors x (i)
is based upon taking x=x(i) +Ax(i) and linearizing f(¢;,x)
about x(i); upon substituting this linear approximation for
Sf(t;,x) into Eq. (3), the resulting quadratic (in ‘Ax) ap-
proximation of J can be minimized with respect to Ax to
obtain the normal equations

Ax(i) = (ATA) ~1ATAy ; i=0,1,2,... (4
where
- af(11,x) 3f (11,%) |
ax; b 777 ax, ko
[41=| . . .
Af (£,%) f (1, x)
| o T ax, =
6))

is the locally evaluated Jacobian matrix and

Ay={[F,—f(t,x())), [P =St =f(tpx(i))] }T(6)
is the residual vector.

The Continuation Method of Kirszenblat and Chetrit

Motivated by the desire to enlarge the domain of con-
vergence of the Gauss-Newton algorithm [successive
corrections using Eq. (4)], Kirszenblat and Chetrit!® im-
bedded the Gauss-Newton algorithm into a continuation



